Abstract: Liouville type of theorems play a key role in the blowup approach to study the global regularity of the three-dimensional Navier-Stokes equations. In this paper, we will prove Liouville type of theorems to the 3-D axisymmetric Navier-Stokes equations with swirls under some suitable assumptions on swirl component velocity u θ which are scaling invariant. It is known that ru θ satisfies the maximum principle. The assumptions on u θ will be natural and useful to make further studies on the global regularity to the threedimensional incompressible axisymmetric Navier-Stokes equations.
Introduction
We consider the Cauchy problem for the three-dimensional (3-D) incompressible Navier-Stokes equations Here the unknown functions are the velocity vector u = (u 1 (x, t), u 2 (x, t), u 3 (x, t)) and the pressure p(x, t) with x ∈ R 3 , t ∈ [0, T ], where T > 0 is a constant. In (1.1), div u = 0 means that the fluid is incompressible.
The global existence of the Leray-Hopf weak solutions to the Cauchy problem or the initial-boundary problem of the three-dimensional Navier-Stokes equations has been proved long ago (see [19] , [7] ). However, the uniqueness and regularity of the weak solutions remain completely open. Up to now, the weak solutions will be regular and unique provided that the Serrin-type conditions u ∈ L p ([0, T ); L q (R 3 )) hold, where 2/p + 3/q ≤ 1, p ≥ 2 and q ≤ 3 (see [26] , [27] , [6] ). The strong (or smooth) solution of the three-dimensional Navier-Stokes equations was proved to be unique but local in time (see [12, 14, 16, 21, 28] ). On the other hand, Scheffer [24] introduced and began to study the partial regularity of suitable weak solutions. The significant results, due to Caffarelli-Kohn-Nirenberg [1] show that, for any suitable weak solutions, one-dimensional Hausdorff measure of the singular set is zero. The simplified proofs and further studies are referred to [20] , [29] .
For the three-dimensional axisymmetric Navier-Stokes equations, if the angular component of the velocity u θ = 0, the global existence and uniqueness of the strong (or smooth) solution have been successfully obtained ( [16] , [31] ). In the presence of swirls, that is, u θ ≡ 0, the global well-posedness of the solution is still open. Recently, using DeGeogi-Nash-Moser iterations and a blow-up approach respectively, Chen-Strain-Tsai-Yau [4, 5] and Koch-Nadirashvili-Seregin-Sverák [13] obtained an interesting and important development on this problem. Roughly speaking, they proved that if the solution satisfies (1) |ru(x, t)| ≤ C or (2) |u(x, t)| ≤ C √ T * −t for 0 < t < T * , where C > 0 is an arbitrary and absolute constant and (0, T * ) is the maximal existence interval of the solution, then there exists a constant M > 0 such that |u(x, t)| ≤ M for 0 < t ≤ T * which implies that the solution is globally regular on time. It should be remarked that these conditions are scaling invariant and imply the possible blow-up rate of the solution. Moreover, the singularity satisfying (2) is usually called type I singularity in the sense of [8] . Thus, if an axisymmetric solution develops a singularity, it can only be a singularity of type II (any singularity which is not type I). The other regularity criteria and recent studies can be seen in [3, 11, 15, 18, 23] and references therein.
The basic idea of the blow-up approach is that if the solution would blow up at some space-time point, then making scaling transformation of the solution and enlarging the region near the possibly singular point, one can look into the equations satisfied by some suitably scaled solutions. In particular, after taking the limit, if the solution of the limit equation is trivial, which is so called a Liouville type of theorem, then one will obtain a contradiction and the blow-up will not happen. To the threedimensional axisymmetric Navier-Stokes equations, the possible singularity of the solution may only appear on the symmetry axis due to the partial regularity theory in [1] . Therefore it suffices to study the possible singularity of the solution on the symmetry axis. In this paper, we are concerned with Liouville type of theorems.
First, we prove a Liouville type of theorem by assuming that lim sup
It is shown that, under the assumption (1.3), there exists a bounded and continuous function s(T ) defined on (−∞, 0] such that the ancient solutionū = (0, 0, s(T )). It should be remarked that the assumption of (1.3) is natural since ru θ satisfies the maximum principle and if the initial data satisfies |ru θ0 | ≤ C then the solution will keep the bound |ru θ | ≤ C for some constant C > 0. This implies that the singularity of u θ near the symmetry axis, if exists, may be of the rate
as r → 0, where O(1) means a finite constant. While the condition (1.3) implies that the singularity which we impose on u θ near the symmetry axis is of the rate o(1) r with o(1) → 0 as r → 0. Our approaches are based on [4, 5] and [13] . In particular, we will use the integral expression on
which is the scaled quantity of ω θ r to prove a Liouville type of theorem to the ancient solution, where ω θ = ∂ r u 3 − ∂ 3 u r is the angular component of the vorticity. This is different from [13] in which the authors established a Liouville type of theorem by making full use of the strong maximum principle of the scalar equation of Γ = ru θ , under the assumption that |ru| ≤ C. Moereover, in comparison with the global regularity results in [4, 5] and [13] , we need (1.3) but do not require the condition on the radial component of the velocity u r . It should be noted that in the process of proving the Liouville type of theorem, we only need the condition (1.3). How to remove the condition (1.3) will be very interesting and challenging.
Second, we prove a Liouville type of theorem under weighted estimates of smooth solutions to the three-dimensional axisymmetric Navier-Stokes equations, which are also scaling invariant. This is motivated by weighted estimates in [1] which can be carried out under assumptions of the initial data. Finally, in the end of the paper, we give further remarks on the possibility to rule out the singularity of the solution by using the Liouvile type of theorems established in this paper.
The organization of this paper is as follows. In Section 2, we will present some preliminaries and establish a Liouville type of theorem under (1.3). In Section 3, we prove a Liouville type of theorem under weighted estimates of the solution. In Section 4, we give further remarks on how to use the Liouville type of theorem in future works.
A Liouville Type of Theorem Under (1.3)
By an axisymmetric solution (u, p) of (1.1), we mean that, in the cylindrical coordinate systems, the solution takes the form p(x, t) = p(r, x 3 , t) and u(x, t) = u r (r, x 3 , t)e r + u θ (r, x 3 , t)e θ + u 3 (r, x 3 , t)e 3 , where e r = (cos θ, sin θ, 0), e θ = (− sin θ, cos θ, 0), e 3 = (0, 0, 1).
Here u θ (r, x 3 , t) and u r (r, x 3 , t) are the angular and radial components of u(x, t) respectively. For the axisymmetric velocity field u, the corresponding vorticity ω = ∇ × u is ω = ω r e r + ω θ e θ + ω 3 e 3 ,
where
The 3-D axisymmetric Navier-Stokes equations read as
In the following, we set∇ = (∂ r , ∂ 3 ) and use C to denote an absolute constant which may be different from line to line. Without loss of generality, after translation on the time variable, u(x, t) is assumed to be a smooth axisymmetric solution to (2.1)-(2.4), defined in
Suppose that the first singularity time for the solution u(x, t) is at time t = 0. Then it is clear that lim t→0− H(t) = ∞. In fact, by a classical result of Leray [19] , if u develops a singularity at t = 0, then
Define
In the cylindrical coordinate system, set
are smooth solutions of the 3D Navier-Stokes equations, which are defined in R 3 × (A k , B k ) with
and
It follows from the regularity theorem of the Navier-Stokes equations that
. C l is a constant depending on l but not on k.
Then there exists a smooth functionū(X, T ) defined in R 3 × (−∞, 0) such that, for any |l| = 0, 1, 2 · · · , 12) uniformly in C(Q) for any compact subset Q ⊂⊂ R 3 × (−∞, 0]. Denoteω(X, T ) = ω θ e θ +ω r e r +ω z e z the voricity ofū(X, T ).
Our main result of this section is a Liouville type of theorem as follows. Theorem 2.1 Let u(x, t) be an axisymmetric vector field defined in 
where C > 0 is any finite constant. Then either 15) where M > 0 is an absolute constant depending on C, orω = 0 andū = (0, 0, s(T )), whereū is same as in (2.12) and s(T ) : (−∞, 0] → R is a bounded and continuous function. Remark 2.1 The condition (2.13) can be removed if the initial data satisfies ru 0θ L ∞ < ∞ (see [3, 11] ). The condition (2.14) means that the singularity of u θ near the symmetry axis is of the rate Let C 0 > 0 be any fixed constant. For any X ∈ R 3 with R ≤ C 0 and T ∈ (A k , 0], it follows from (2.14) that
It follows that
It follows from (2.13) that
Using (2.11) and the fact that u
Consequently, for any T ∈ (A k , 0],
. Then it holds that
It follows from the equation of ω θ that
and Z = X 5 , we obtain
, 0) andẽ Z = (0, 0, 0, 0, 1). The scaling (2.7) can be rewritten as 25) where
Due to Carlen-Loss [2] and Chen-Strain-Tsai-Yau [5] , the kernel P satisfies P ≥ 0, P (T, X; S, Y )dY = 1 and
where f + = max{0, f } and we have used the fact that
It can be verified that the function e
−h(a,T ) , a ≥ 0, T ≥ 0, has the following properties:
When T ≥ T 0 > 0 for any fixed (but may be small) T 0 > 0, one has e −h(a,T ) ≤ Ce , one has
, it is easy to get
In (2.28) and (2.29), C > 0 is some uniform constant. It follows from (2.27) and Hölder inequality that
}. For any C 0 > 0, with help of (2.28) and (2.29), we have
It follows from (2.21) that
It concludes that
0 , we obtain
Taking the limit k → ∞ first and then letting C 0 → ∞, we have
and hence
which implies thatω θ (R, Z, T ) = 0. Consequently, we obtain thatω θ (X, T ) = 0 for X ∈ R 3 and T ∈ (−∞, 0). Denoteb(X, T ) =ū R e R +ū Z . It follows from (2.12) that θ | → 0 as k → ∞ for 0 < R ≤ C 0 , where C 0 > 0 is arbitrary, it follows thatū θ (X, T ) = 0 for all X ∈ R 3 , T ∈ (−∞, 0). Therefore we have proved thatū(X, T ) = (0, 0, s(T )) and furthermoreω(X, T ) = 0. The proof of the theorem is finished.
A Liouville Type Theorem Under Weighted Estimates
In [1] , some weighted estimates were obtained for suitable weak solutions (u(x, t), p(x, t)) of the three-dimensional Navier-Stokes equations (1.1). More precisely, suppose that there exists a small number L 0 > 0 such that if
with 0 < L < L 0 , then
For the three-dimensional axisymmetric Navier-Stokes equations, if
where L > 0 is same as in (3.1), then it is clear that
for any z 0 ∈ R. By the translation with respect to z(= x 3 ), one can prove in a similar way as in [1] that if (3.4) holds, then
for any z 0 ∈ R, where L and L 0 are same as in (3.2) . Note that the quantities on the left hand side of (3.5) are scaling invariant. Let BR = {x ∈ R 3 ||x| < R} be a ball with radiusR > 0. Motivated by the weighted estimates (3.5), we have Theorem 3.1 Let u(x, t) be an axisymmetric vector field defined in
for any z 0 ∈ R. Then either
where M > 0 is an absolute constant depending on C, orū = 0, whereū is defined in (2.12). 0) ) for some R > 0 can be easily satisfied if the solution decays at far fields for all t ∈ (−1, 0). In particular, it follows from [1] that Proposition 3.2 Suppose that u 0 ∈ L 2 (R 3 ) and
Given a suitable weak solution u(x, t) of the three-dimensional Navier-Stokes equations with initial data u 0 . Then u(x, t) is regular in the region B c R for someR > 0.
Remark 3.2
The second term in (3.7) can be replaced by
Note that ω r = ∂ z u θ . The second term in the condition (3.7) is a weighted estimate on ∂ z u θ . Now we give a proof of Theorem 3.1.
Proof of Theorem 3.1 Suppose that the solution u(x, t) has singularity at t = 0. Then similar to the proof of Theorem 2.1, there exist t k ր 0 as k → ∞ such that H(t k ) = h(t k ), where H(t) and h(t) are same as in (2.5) 0) ) for someR > 0 by the assumption, we can choose a sequence of numbers γ k ց 1 as k → ∞ and
Using the same scaling (2.7), one can prove the theorem as for Theorem 2.1.
To be more precise, we continue the proof based on (2.26). The first term I in (2.26) can be estimated as in (2.30) . Thus, one needs to focus on the estimate of the second term II in (2.26) .
Note that 10) where
Here we are estimating in 5-dimensional space, X = (X,
First, II 2 can be estimated as follows.
For 0 < α < 1, direct estimates lead to
Due to the arbitrariness of δ 0 and ε > 0, and thanks to (3.12) and (3.17), one obtains that
Now we continue estimating J 2 − J 4 .
where one has used the transformation ξ =
. Similarly, one can estimate
Putting estimates of J 1 − J 4 into (3.12) gives
The term II 1 can be treated as for J 1 so that 20) for C 0 ≥ 2. Now taking T − S = C 0 ≥ 2 and using (2.26),(2.30), (3.19) and (3.20) , one gets Passing to the limit k → ∞ first and then letting C 0 → ∞ in (3.21), one obtains that, for any X ∈ R 3 , T ∈ (−∞, 0),
which implies thatω θ (R, Z, T ) = 0. Since curl X b (k) (X, T ) = ω (k) θ e θ and div X b (k) (X, T ) = 0 sob(X, T ) is a harmonic and bounded function defined on R 3 × (−∞, 0). Sincē u R (0, Z, T ) = 0, thus there exists a continuous and bounded function s(T ) : (−∞, 0] → R such thatb(X, T ) = s(T )e Z . Using (3.7), one obtains thatb(X, T ) = 0. To prove thatū θ = 0, one needs the following lemma due to [13] .
Lemma 3.3 Let u(x, t) be a bounded weak solution of the Navier-Stokes equations in R 3 × (−∞, 0). Assume that u(x, t) is axisymmetric and satisfies
in R 3 × (−∞, 0).
Then u = 0 in R 3 × (−∞, 0).
Applying the facts thatb(X, T ) = 0 and |Rū θ | ≤ C, the proof of Theorem 3.1 follows from Lemma 3.3.
Further Remarks
To rule out the possible singularity of the solution, one should make further investigations. As it is known, Liouville type of theorems play an important role in blow-up approach to study the global regularity of the three-dimensional NavierStokes equations. How to apply Theorems 2.1 and Theorem 3.1 to study the global regularity of the three-dimensional axisymmetric Navier-Stokes equations would be interesting.
As mentioned in the proof of Theorems 2.1 and 3.1, if the solution is not bounded, then there exist t k ր 0 as k → ∞ such that H(t k ) = h(t k ), where h(t) and H(t) are defined as (2.5). Denote N k = H(t k ). Then one can choose a sequence of numbers γ k ց 1 as k → ∞ and x k ∈ R 3 such that M k = |u(x k , t k )| ≥ N k /γ k , k = 1, 2 · · · , satisfying M k → ∞ as k → ∞. Denote r k = (x k1 ) 2 + (x k2 ) 2 .
We consider the following two cases. Case I. {r k M k }(k = 1, 2, · · · ) is uniformly bounded. In this case, there exists a constant C > 0 such that 23) which implies that
On the other hand, for (y, s) ∈ B(x k ,
